Abstract. We present discrete analogues of Dirac structures and the Tulczyjew's triple by considering the geometry of symplectic maps and their associated generating functions. We demonstrate that this framework provides a means of deriving discrete analogues of implicit Lagrangian and Hamiltonian systems. In particular, this yields implicit nonholonomic Lagrangian and Hamiltonian integrators. We also introduce discrete Lagrange-d'Alembert-Pontryagin and Hamilton-d'Alembert variational principles, which provide an alternative derivation of the same set of integration algorithms. In addition to providing a unified treatment of discrete Lagrangian and Hamiltonian mechanics in the more general setting of Dirac mechanics, it provides a generalization of symplectic and Poisson integrators to the broader category of Dirac integrators.
INTRODUCTION
Dirac structures, which can be viewed as simultaneous generalizations of symplectic and Poisson structures, were introduced in Courant [1, 2] . In the context of geometric mechanics [3] [4] [5] , Dirac structures are of interest as they can directly incorporate Dirac constraints that arise in degenerate Lagrangian systems [6] , LC circuits [7] [8] [9] , interconnected systems [10] , and nonholonomic systems [11] , and thereby provide a unified geometric framework for studying such problems.
From the Hamiltonian perspective, these systems are described by implicit Hamiltonian systems [8, 12] . An implicit Hamiltonian system is defined by a Hamiltonian and a Dirac structure, which is a subbundle that satisfies certain conditions. On the Lagrangian side, an implicit Lagrangian system [9] is defined by exploiting the geometric structure called the Tulczyjew's triple [13, 14] in addition to a Dirac structure.
In this paper, we introduce discrete analogues of induced Dirac structures [9] and the Tulczyjew's triple, which provide the natural setting to define implicit discrete Lagrangian and Hamiltonian systems. We show that they recover nonholonomic integrators [15, 16] that are typically derived from a discrete Lagrange-d'Alembert principle.
We also introduce discrete Lagrange-d'Alembert-Pontryagin and Hamiltond'Alembert variational principles, that provide a variational characterization of implicit discrete Lagrangian and Hamiltonian systems that were described using discrete Dirac structures, and which reduce to the standard Lagrangian [17] and Hamiltonian [18, 19] variational integrators in the absence of constraints. Discrete Lagrangian, Hamiltonian, and nonholonomic mechanics have also been generalized to Lie groupoids [20] [21] [22] [23] .
is an almost Dirac structure.
Following Tulczyjew [13, 14] and Yoshimura and Marsden [9] , let us first introduce the Tulczyjew's triple, i.e., the diffeomorphisms Ω , κ Q , and γ Q := Ω • κ −1 Q between the iterated tangent and cotangent bundles:
or in local coordinates
The maps Ω and κ Q induce symplectic forms on T T * Q in the following way: Let Θ T * T * Q and Θ T * T Q be standard Lagrange one-forms on the cotangent bundles T * T * Q and T * T Q, respectively. Then, one defines one-forms χ and λ on T T * Q by pullback,
Then, these one-forms induce the two-form Ω T T * Q on T T * Q by
which is a symplectic form on T T * Q. In particular,
where Ω T * T Q and Ω T * T * Q are the canonical symplectic structures on T * T Q and T * T * Q, respectively.
Implicit Lagrangian and Hamiltonian Systems
To define an implicit Lagrangian system, it is necessary to introduce the Dirac differential of a Lagrangian function: Given a Lagrangian L : T Q → R, we define the Dirac differential DL : T Q → T * T * Q by
In local coordinates,
We are now ready to define an implicit Lagrangian system: Definition 2 (Implicit Lagrangian/Hamiltonian Systems). Suppose that a Lagrangian L : T Q → R and a Dirac structure D ⊂ T T * Q ⊕ T * T * Q are given. Let X ∈ X(T * Q) be a partial vector field on T * Q, defined at points of P := FL(∆ Q ) ⊂ T * Q. Then an implicit Lagrangian system (ILS) is defined by
In particular, if D is the induced Dirac structure D ∆ Q given in Eq. (1), Eq. (8) reduces to
or in local coordinates, by setting X =q ∂ q +ṗ ∂ p ,
Similarly, with a Hamiltonian H : T * Q → R, an implicit Hamiltonian system (IHS) [8, 12] is defined by
In particular, with D = D ∆ Q , Eq. (11) reduces to
DISCRETE ANALOGUES OF TULCZYJEW'S TRIPLE
In this section we construct discrete analogues of the Tulczyjew's triple shown in Eq. (2) that retain the key geometric properties, especially the symplecticity of the maps involved. This makes it possible to formulate a natural discrete analogue of implicit Lagrangian and Hamiltonian systems that gives a structure-preserving discretization of these systems. The discussion is limited to the case where the configuration space Q is a vector space.
Generating Functions and the Maps
The guiding principle here is to make use of the properties of generating functions, instead of smooth symplectic flows. The idea behind it is the observation made by Lall and West [18] that the discrete Lagrangian and Hamiltonians are essentially generating functions of type 1, 2, and 3 (using the terminology set by Goldstein et al. [26] ).
Let us first review some basic facts about generating functions. Consider a map F : T * Q → T * Q written as (q 0 , p 0 ) → (q 1 , p 1 ). Note that, since Q is assumed to be a vector space here, the cotangent bundle is trivial, i.e., T * Q ∼ = Q × Q * , and so one can write F : Q × Q * → Q × Q * as well. One then considers the following three maps associated with F:
The generating function of type i (with i = 1, 2, 3) is a scalar function S i defined on the range of the map F i that exists if and only if the map F is symplectic.
We first relate the generating function of type 1 with a discrete analogue of the map κ Q in the Tulczyjew's triple in Eq. (2). We regard (p 0 , p 1 ) as functions of (q 0 , q 1 ) as indicated in the definition of the map F 1 above, and define i F 1 :
Recall that the map F :
By the Poincaré lemma, this is equivalent to the existence of a function S 1 : Q × Q → R, a generating function of type 1, such that
This yields the map κ d Q : T * Q × T * Q → T * (Q × Q) so that the diagram below commutes.
Similar arguments applied to the maps F 2 and F 3 and type 2 and 3 generating functions S 2 : Q × Q * → R and S 3 : Q * × Q → R give rise to the maps Ω d+ : T * Q × T * Q → T * (Q × Q * ) and Ω d− : T * Q × T * Q → T * (Q * × Q) so that the diagrams below commute.
Discrete Tulczyjew Triples
Combining the diagrams in Eqs. (14) and (15), we obtain
We call the diagram the (+)-discrete Tulczyjew triple. The reason for the plus sign will become clear later.
The maps κ d Q and Ω d+ inherit the properties of κ Q and Ω discussed in Section 2.1 in the following sense: Let Θ T * (Q×Q * ) and Θ T * (Q×Q) be the Lagrange one-forms on Q × Q * and T * (Q × Q), respectively. The maps κ d Q and Ω d+ induce two Lagrange one-forms on T * Q × T * Q. One is
and the other is
These one-forms induce the two-form Ω T * Q×T * Q by
Combining the diagrams in Eqs. (14) and (16), we obtain
We call the diagram the (−)-discrete Tulczyjew triple. Again, the reason for the minus sign will become clear later.
As in the (+)-discrete case, we can reinterpret the maps κ d Q and Ω d− as follows: Let Θ T * (Q * ×Q) be the symplectic one-form on Q * × Q. Then, we have
and
and they induce the same symplectic form Ω T * Q×T * Q as above:
Then, we have,
where Ω T * (Q×Q) , Ω T * (Q×Q * ) and Ω T * (Q * ×Q) are the canonical symplectic structures on T * (Q × Q), T * (Q × Q * ) and T * (Q * × Q), respectively.
DISCRETE ANALOGUES OF INDUCED DIRAC STRUCTURES
Recall from Section 2.1 that, given a constraint distribution ∆ Q ⊂ T Q, we first defined the distribution ∆ T * Q ⊂ T T * Q and then constructed the induced Dirac structure D ∆ Q ⊂ T T * Q ⊕ T * T * Q. This section introduces a discrete analogue of this construction.
Discrete constraint distributions
Since the tangent bundle T Q is replaced by the product Q × Q in the discrete setting, a natural discrete analogue of a constraint distribution ∆ Q ⊂ T Q is a subset ∆ d Q ⊂ Q × Q. Cortés and Martínez [15] (see also McLachlan and Perlmutter [16] ) proposed a way to construct discrete constraints ∆ d Q ⊂ Q × Q based on given (continuous) constraints ∆ Q ⊂ T Q. Let us briefly summarize their approach here: First introduce the annihilator of ∆ Q , that is denoted by ∆ • Q ⊂ T * Q and is defined, for each q ∈ Q, as
Let m := dim Q − dim ∆ Q . Then one can find a basis of m constraint one-forms
for the annihilator subspace:
By using the one-forms ω a , and a retraction τ : T Q → Q × Q, one defines functions
, whose annihilation defines the discrete constraint set:
Next we need to introduce a discrete analogue of the ∆ T * Q using the discrete constraint ∆ d Q defined above. A natural discrete analogue of ∆ T * Q would be ∆ d T * Q ⊂ T * Q × T * Q defined by
(29) We will also need the corresponding annihilator distributions on Q × Q * and Q * × Q, or in other words, discrete analogues of ∆ • T * Q . To this end, we first introduce the projections
Then we define the annihilator distributions ∆ • Q×Q * ⊂ T * (Q×Q * ) and ∆ • Q * ×Q ⊂ T * (Q * × Q); more explicitly, we have
